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Abstract  The purpose of this paper is to introduce a new system of generalized resolvent
equations with corresponding system of variational inclusions in uniformly smooth Banach
spaces. We establish an equivalence relation between system of generalized resolvent equa-
tions and system of variational inclusions. The iterative algorithms for finding the approxi-
mate solutions of system of generalized resolvent equations are proposed. The convergence of
approximate solutions of system of generalized resolvent equations obtained by the proposed
iterative algorithm is also studied.
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1 Introduction

In recent past, classical variational inequality has been extended and generalized to study a
wide class of problems arising in mechanics, physics, optimization and control, nonlinear
programming, elasticity and applied sciences, etc., see for example [6,12-14,17,19,21] and
references therein. A useful and an important generalization of variational inequalities is a
mixed variational inequality containing nonlinear term [23]. Due to the presence of the non-
linear term, the projection method cannot be used to study the existence of a solution for the
mixed variational inequalities. In 1994, Hassouni and Moudafi [10] introduced variational
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inclusions which contain mixed variational inequalities as special cases. They studied the
perturbed method for solving variational inclusions.

Using the concept of resolvent operator technique, Noor and Noor [18] introduced and
studied resolvent equations and has established the equivalence between the mixed variational
inequalities and the resolvent equations. The resolvent equations technique is being used to
develop powerful and efficient numerical techniques for solving mixed (quasi) variational
inequalities and related optimization problems.

In 2001, Verma [24] introduced and studied some system of variational inequalities and
develop some iterative algorithms for approximating the solutions of system of variational
inequalities. Pang [20], Cohen and Chaplais [9], Bianchi [7], Ansari and Yao [5] consid-
ered a system of scalar variational inequalities and Pang showed that the traffic equilibrium
problem, the Nash equilibrium, and the general equilibrium programming problem can be
modeled as a system of variational inequalities. As generalizations of system of variational
inequalities, Agarwal et al. [1] introduced a system of generalized nonlinear mixed quasi-
variational inclusions and investigated the sensitivity analysis of solutions for the system of
generalized mixed quasi-variational inclusions in Hilbert spaces. Very recently, Pang and
Zhu [22] considered and studied a new system of generalized mixed quasi-variational inclu-
sions with (H, n)-monotone operators and Lan et al. [15] studied a new system of nonlinear
A-monotone multivalued variational inclusions.

Till now much attention has been drawn on the study of system of variational, quasi-var-
iational inequalities and inclusions. The purpose of this paper is to introduce a new concept
of system of generalized resolvent equations in uniformly smooth Banach spaces. We estab-
lished an equivalence relation between system of generalized resolvent equations and system
of variational inclusions considered by Lan et al. [15]. We have proposed number of iterative
algorithms for solving system of generalized resolvent equations. The convergence criteria
is also discussed.

2 Formulation and preliminaries

Throughout the paper, unless otherwise specified, we assume that E is a real Banach space
with its norm || - ||, E* is the topological dual of E, d is the metric induced by the norm || - ||,
C B(E) (respectively, 2F) is the family of all nonempty closed and bounded subsets (respec-
tively, all nonempty subsets) of E, D(-, -) is the Hausdorff metric on C B(E) defined by

D(A, B) = max supd(x, B), supd(A,y)
XeA yeB
where d(x, B) = intl;d(x, y)and d(A, y) = im;d(x, y). We also assume that (-, -) is the
ye Xe

duality pairing between E and E* and F: E — 2F is the normalized duality mapping
defined by

Fx)y={f € E% (x, f)=Ixlllfland | fl| = llx]}, Yxe€E.

In the sequel, let us recall some concepts and results.
The uniform convexity of a Banach space E means that for any € > 0 there exists § > 0,
such that forany x, y € E, |[x|| < 1, |ly|| <1, |[x — y|| = € ensure the following inequality,

lx+ yll =2(1 —9).
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The function

Sp(e) =inf |1 — w

Cllxll= 10yl =1 flx = pll =6]

is called the modulus of the convexity of E.
The uniform smoothness of a Banach space E means that for any given € > 0, there exists
8 > 0 such that

lx +yll + llx — yl
2

—1 < €|yl

holds. The function

[x + vl +1llx =yl
2

5 (0) :sup[ 1 xl =1, ] :r]

is called the modulus of the smoothness of E.
We remark that the Banach space E is uniformly convex if and only if §g (¢) > 0, for all
€ > 0, and it is uniformly smooth if and only if ling) g @) = 0.
t—

Remark 2.1 AllHilbertspaces, L, (orl,)spaces (p > 2) and the Sobolov spaces Wh(p =2)
are two-uniformly smooth, while, for1 < p <2, L, (or/,) and W,ﬁ spaces are p-uniformly
smooth.

Proposition 2.1 [5] Let E be a uniformly smooth Banach space and F: E — 2E" pe a
normalized duality mapping. Then for any x,y € E,

(@) llx+ylII> < IxI> +2(y, j&x+»), Yjix+y) € Fx+y)
(i) (x —y, j(x) = j() <2C%tp@|lx — y|I/C), where C = /||x|12 + ||lyl|2/2.

Definition 2.1 [4]. A mapping g: E — E is said to be

(1) k-strongly accretive, k € (0, 1), if for any x, y € E, there exists j(x —y) € F(x —y)
such that

(g(0) =g, jx =) = kllx = ylI;
(ii) Lipschitz continuous if for any x, y € E, there exists a constant A, > 0, such that
lg(x) =gl = Agllx — ylI-
Definition 2.2 [9] A set-valued mapping A: E — 2F is said to be

(i) Accretive, if for any x, y € E, there exists j(x — y) € F(x — y), such that for all
ue A(x)andv € A(y)

(w—v, jlx—y)=0;

(ii) k-strongly accretive, k € (0, 1), if forany x, y € E, there exists j(x —y) € F(x —y),
such that forallu € A(x) and v € A(y),

—v, jix —y)=>klx -yl

(iii) m-accretive if A is accretive and (I + pA)(E) = E, for every (equivalently, for
some) p > 0, where / is the identity mapping (equivalently, if A is accretive and
I+ A)(E)=E).
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Remark 2.2 [10] If E = H is a Hilbert space, then A: E — 2F is an m-accretive mapping
if and only if it is a maximal monotone mapping.

Definition 2.3 Let M: E — 2F be an m-accretive mapping. For any p > 0, the mapping
J4: E — E associated with M defined by

I =d+pM)"'(x), Vx€E,
is called the resolvent operator.
Definition 2.4 [3] The resolvent operator J AZ: E — E is said to be retraction if
T+pM) oI +pM) ' (x)=U+pM) '(x), VxeE.
Remark 2.3 1t is well known that J A‘f, is a single-valued and non-expansive mapping.

Definition 2.5 [18] A set-valued mapping H: E — CB(E) is said to be D-Lipschitz con-
tinuous if for any x, y € E, there exists a constant Ap,, > 0 such that

D(H(x), H(y)) = Apyllx =yl

Let E1 and E; be two real Banach spaces, S: E; x E; — E|, T: E1 x E; — Ej,
p: E{ — Ej and g: E» — E; be single-valued mappings, H: E; — 251, F: Ey — 2F2 be
any two multivalued mappings. Let M: E; — 281 and N: E; — 222 be any nonlinear map-
pings, f: Ey — E; and g: E; — E3 be nonlinear mappings with f(E() N D(M) # ¢ and
g(E2)ND(N) # ¢, respectively. Then we consider the problem of finding (x, y) € E; x E»,
u€ H(x),ve F(y) 7z € E1, 7" € E; such that

S(p(x),v) + p~ 'Ry (Z) =0, p>0,

Tw.q) +y 'R, =0, y >0, @D

where Rf\),l =1—-J ]'3[, RK, =1—-J 1}\’, and J ]ﬁl, J X, are the resolvent operators associated with
M and N, respectively.

The corresponding system of variational inclusions of (2.1) is the following:

Find (x, y) € E1 x E>,u € H(x), v € F(y) such that

0e S(px),v)+M(f(x)),

0 T(u.g() + Ngy)). 22)

Which is considered by Lan et al. [13] in Hilbert spaces.

Lemma 2.1 (x,y) € E1 x E>, u € H(x), v € F(y) is a solution of system of variational
inclusion (2.2) if and only if (x, y, u, v) satisfies

@) =TIy (fx) = pS(p),v), p >0,

g =74 —yTw,q(y), y>0.

Proof The proof of Lemma?2.1 is a direct consequence of the definition of resolvent operator,
and hence, is omitted. O
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3 Iterative algorithms and convergence result

In this section, we first establish an equivalence relation between system of generalized
resolvent equations (2.1) and system of variational inclusions (2.2). Finally, we prove the
existence of a solution of (2.1) and convergence of sequences generated by the proposed
algorithms.

Proposition 3.1 The system of variational inclusions (2.2) has a solution (x, y, u, v) with
(x,y) € Ey Xx Eo, u € H(x) and v € F(y) if and only if system of generalized resol-
vent equations (2.1) has a solution (z',7”,x, y, u,v) with (x,y) € E; x Ez, u € H(x),
veF()z €Ey 7" € Ey where

fx)=Jy) (3.1)

gy = I (") (3.2)
and 7' = f(x) — pS(p(x),v) and 2" = g(y) — y T (u, ().

Proof Let (x, y, u, v) be a solution of system of variational inclusion (2.2). Then by Lemma
2.1, it satisfies the following equations

fx) = J5(f(x) = pS(p(x), v)),
g = Iy — yTu,g())).
Letz' = f(x) — pS(p(x),v) and 7" = g(y) — yT (u, g(y)), then we have
fx) = Jy)
g(y) = I @),
and 7/ = J3; () — pS(p(x),v) and 2" = J (") — y T (u, g(y)), it follows that

(I —Jyp)E)=—=pS(px),v) and (I —J})E") =—yT(u,q(y).

S(p(x),v) +p 'Ry, () =0,
T(u,q() +y 'R =0.
Thus, (z/, 7", x, ¥, u, v) is a solution of system of generalized resolvent equations (2.1).

Conversely, let (7', z”, x, y, u, v) be a solution of system of generalized resolvent equa-
tions (2.1), then

pS(p(x),v) = =Ry () (3.3)
yT(u, q(y) = =R} (") (3.4)
Now
pS(p(x),v) = —RY ()
=—(I —JyE)
— ]A/;(Z/) _ Z/

= Iy (f(x) = pS(p(x), v) = (f(x) = pS(p(x), V)
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which implies that

Fx) =Ty (f(x) = pS(p(x), v)),
and
)
= —(I —JHE"
=Jy@E") —7"
= JL @) —yT . q(»))) — (8(») — ¥T . q()))

yT(u,q(y))

which implies that
gy) = I8 —yT (. q(y)),
Thus, we have

fx) = Jy(f(x) — pS(p(x),v)),
gy = I () —yT . q(»))),

thus, by Lemma?2.1, (x, y, u, v) is a solution of system of variational inclusion (2.2). O
Alternative Proof Let
= f(x)—pS(p(x),v) and 2’ =g(y) — yT(u.q(»)).
using (3.1) and (3.2), we can write
=y = pS(p(x),v) and " =J}E") — yT(u,q(y))
which implies that
S(p(0),v) +p~ Ry () =0,
T@.q() +y 'Ry E") =0,

the required system of generalized resolvent equations.

Algorithm 3.1 For given (xo, y0) € E1 x Ea, ug € H(xo), vo € F(y), z, € Ej, and
27y € Ea, compute {z),}, {z);}, {x4}, {yn}. {u,} and {v,} by the iterative schemes,

fQan) = Jy(z) (3.5)

glm) = I3 (@) (3.6)

up € H(xp) @ lup1 — upnll < D(H (xp41), H(xn)), (3.7
Un € F(yn) : lvnt1 — vnll < D(F(Yn+1), F(yn)), (3.8)
Zpir = f ) = pS(p(xn), vn) (3.9)

a1 =80n) — ¥ T (Un, () (3.10)

n=0,1,2,...

@ Springer



J Glob Optim (2009) 44:297-309 303

The system of generalized resolvent equations (2.1) can also be written as

7= f(x) = S(p),v) + U — p HRY ()
=g = Tw,q»)+U -y HRL(E"

We use this fixed-point formulation to suggest the following iterative method.

Algorithm 3.2 For given (xo, yo) € E; X E», ug € H(xg), vo € F(y0), 26 € Eq, and
7 € Ea, compute {z),}, {z),}, {xn}, {ya}, {un} and {v,} by the iterative schemes,

fl) = T4

gyn) = I3
tn € H(xp) ¢ lltns1 — unll < D(H (xng1), H(xp)),
Vn € F(yn) : [0nt1 — vall € D(F(xns1), F(xn)),
Zhor = F ) = S(p(xn), va) + (I — p~ HRY, (2)),

g =80m) = Tun, q(y)) + (I =y~ R} (),

n=0,1,2,...

For positive stepsize §’, 8, the system of generalized resolvent equations (2.1) can also
be written as
f,2) = fx,2) =8 =I5 @) + pS(px), v))
= f(x,2) = 8{f(x) = T (f () + pS(p(x), v)},
8.2 =g, 2N =" = I+ yTw,q(y)}
=g(y,2") = 8"{g(y) — I (&) + ¥ T(u, g(»))}.

This fixed point formulation enables us to propose the following iterative method.

Algorithm 3.3 For given (xo, yo) € E1 x Ea, ug € H(xg), vo € F(y0), z;, € E1, and
2y € Ea, compute {z),}, {z);}, {xu}, {yn}, {u,} and {v,} by the iterative schemes

uy € H(xp) @ upy1 — upll < D(H (xp41), H(xy)),
Vp € F(yn) : lvnt1 — vall < D(F (Yn+1), F(yn)),
FGnt1s 2pg) = fn ) = 8{f () — T (f () + pS(p(xn), va)}

8n+1:2py1) = 8ms 2i) — 8"{g () — I (g(vm)) + ¥ T (. q(yn))}

n=0,12,...

Note that for 8 = 68" =1, f(x,, z,) = f(xn), 8. 2))) = g(yn), Algorithm 3.3 reduces
to the following Algorithm which solves system of variational inclusions (2.2).
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Algorithm 3.4 For given (xo, yo) € E| x E2, up € H(xo), and vy € F(yp), compute {x,},
{yn}, {u,} and {v,} by the iterative schemes,

FGng1) = I (f () — pS(p(xa). vn))
gnt1) = I (gn) — ¥ T (tn, q(yn)))
uy € H(xyp) @ upy1 —upll < D(H (xp41), H(xy)),

vy € F(yp) : lvpgr — vnll < DF (Ynt1), F(yn)),

n=0,1,2,...

We now study the convergence analysis of Algorithm 3.1. In a similar way, one can study
the convergence of other Algorithms.

Theorem 3.1 Let E| and E> be two real uniformly smooth Banach spaces with module of
smoothness Tg, (t) < Cit% and TE, (1) < Cat? for C1, Co > 0, respectively. Let H: E1 —
CB(E1), F: Ex — CB(E») be D-Lipschitz continuous mappings with constants Ap, and
ADp, respectively and M: E1 — 281 N: E» — 282 be m-accretive mappings such that the
resolvent operators associated with M and N are retractions. Let f: Ey — E1, g: Ex — Ej
be both strongly accretive with constants a and B, respectively, and Lipschitz continuous with
constants 81 and 8, respectively. Let p: Ey — Ei, q: Ey — Ej be Lipschitz continuous
with constants L, and Ay, respectively and S: E1 X E; — E|, T: Ey X E; — E; be
Lipschitz continuous in the first and second arguments with constants Ls,, As, and At;, A1y,
respectively.

If there exists constants p > 0 and y > 0, such that

B’ + /0| + /04
< <

0 1
1= B 3.11
B" + /0, + /63 G-AD

0< W < 1.

where B’ = /1 — 2a + 64C187 and B” = /1 — 2 + 64C»83, then there exists (x, y) €

E| x Ey, 7 € E|,7" € E» ,u € H(x)and v € F(y) satisfying the system of generalized
resolvent equations (2.1) and the iterative sequences {z,}, {z/}, {xn}, {¥n}, {un} and {v,}
generated by Algorithm 3.1 converge strongly to z/, z”, x, y, u and v, respectively.

Proof From Algorithm 3.1, we have

”Z;H-l - Z;l” = |1f Gen) — pS(Ppxn), vp) — [f (n—1) — pS(p(Xn—1), va—1D]Il
< llxn = xn—1 = (f Gn) = fxn=0)l
X0 = xn—1 = p(S(p(xn), va) = S(PCn—1), va—D)l (3.12)

By Proposition 2.1, we have (see, for example the proof of [4, Theorem 3])

120 — X1 — (F () — FGaI? < (1= 2 + 64C8D)[|1xy — xa—1 > (3.13)
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Since § is Lipschitz continuous in both arguments, F' is D-Lipschitz continuous and p is
Lipschitz continuous, we have
1S (xn)s va) = S(P(xp—1); va—DIl = IS(P(xn), vp) — S(P(Xn—1), Vn)
+ S(p(xn—1), vn) — S(P(Xp—1), Va-1)l
= IIS(p(xn), vn) — S(p(xn—1), va)l
+IS(p(xn—1), v) = S(p(xn—1), va-1)l
< A5 llpGen) — pOen—) |l + Asy lvn — va—1l
< AsiAplixn — xu—1ll + A5, D(F (yn), F(yn—1))
< AsiApllxn — xp—1ll + As,App 1 yn — Yn—1lls
(3.14)

Using (3.14) and Proposition 2.1, we have

2 — X1 — PLS(P(tn), va) — S(P(xn—1), Va—I}I*
< N2 = Xa—1 11> = 20(S(p(xn), va) — S(P(ta—1), va—1),
J G = Xn—1 = p{S(P (), va) — S(p(xy—1), Va—D})
< N2 = Xa—1 12+ 201S(pCa), va) — S(P(ta—1), va—1)l
X |20 — X1 — PLS(P(xn), vs) — S(P(n—1), v D}
< %0 — X1 1> + 2p sy Ap X — Xn— 1| + sy kpp 9n — Ya—tl)
10 — Xn—1 = PUS(PGR), ) = S(P(n-1), va— )}
I = Xn—1 1% + pAs, Ap{llxn — xu—1lI* + X0 — Xn—1
—p{(S(P(xn), vn) = S(PCen—1), Va— M} + PAs,App Lllyn — Y11l
Fllxn — xn—1 — pUS(PCin), vn) — S(P (1), va— 1)
= (1 + prs Ap)llxn — xuctlI> + p(sy Ap + As,hpp) X — Xn—i
—p{(S(P(xn), vn) — S(PGin—1), Va— DM + PAsy A0, 1Y — Yuo1 I
which implies that
10 — Xn—1 — P{(S(P(xn), Vi) — S(P(Xn—1), va— I D}II*
L+ pAsiAp
T 1=pQsrp +As,App)
PASAD
L —psAp +As,App)
= 01[1%0 — Xu—11I* + O2llyn — yu—1l*
< O1llxn — X1 12 + O2llyn — Yuo1 I + 26102010 — Xn—1 11l yn — Yu—tll
= (Vorlxn — X1l +v62llyn — yu-11D?.

Thus, we have

IA

2
llxn — xp—1ll

lyn — yn—1ll®

20 = Xn—1 = P{(S(P(xn), V) — S(P(n—1), Va—))}
< V01150 — Xn—1ll + V62 llyn — Ya1ll- (3.15)
where
_ L+ pAsiAp
1= pGsihp + As,App)

01
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and

6y = PASADy
1—- p()hsl)"p + )‘Sz)"DF)

Using (3.13), (3.15), (3.12) becomes

1)y — 2l < (\/1 — 20 + 64C8} + JOT) 1% — X1 + v/E2lyn = Ya-ill

= (B"+V01) 15 = 511l + V230 = a1l (3.16)

where B = /1 — 2o + 64C52.
Again, from Algorithm 3.1, we have

lzp 1 — 2ol = 18n) — YT (n, q(y)) — [8n—1) — ¥ T (tn—1, g (Yn—1 )]l
< Myn = yn—1 — (€n) — &=l
Fllyn = yn—1 = V(T (un, gn)) — T (n—1, g(yn—0)Il 3.17

Using the same arguments as for (3.13), we have

Iy = Yue1 — () — Eu—t)II* < (1 = 28 + 64C28)lyn — yu—1l>  (3.18)

Since T is Lipschitz continuous in both arguments, H is D-Lipschitz continuous and ¢ is
Lipschitz continuous, we have

1T (s g(yn)) = T (Wn—1, g (yn—1)|l
=T (un, q(yn)) — T un-1,q(yn)) + T (Wn—1,qn)) = T -1, g(Yn-1)l
< WT ny qn)) = T n—1, gyl + 11T Up—1, g (n)) = T (tn-1, g (Yn-1))l
< A llun — un—1ll + A1 11g(¥n) — q(yn-1)ll
< Ay D(H (xn), H(xp—1)) + An2q 1yn — yn—1l
< A Apgllxn — xp—1ll + AnAglyn — Yu—1ll (3.19)

Using (3.19) and Proposition?2.1, we have

Iyn = Yt = VAT @n, qOn)) = T (n—1, g a—1)}?

< lyn = Yt 1? = 27T (n, () — T (tn—1, ¢ Yn=1)).
JOn = Y1 = Y{T W, gOn)) = T(ttn—1. g (Ya-1)}))

< lyn = Yt I* + 2V 1T n, () — T (tn—1, g Gn—1)l
XNy = Yn—1 — YT (un, q(yn)) — T (Un—1, ¢ (Yn—1))}|

< Ny = Y1 1? + 2y A, Apy 130 — Xt | + A Agllyn — Y11
XNIyn = Yn—1 = YT (un, q(yn)) — T (Un—1, ¢ (Yu—1))}|

< Ny = Yt I* + vA7,2p, xn = Xt 12+ [1yn — a1
YT s q(30)) — T W1, ¢ a4 YA g {lYn — Yn-1ll?
+1yn = Yt = VAT Gn, gOn)) = T (tn—1, g a—1))}H}

= (L4 yAn2)lyn — yo—11> + ¥ Oy Apy + Ay A1 Yn — Yn—i
=T Wn. q(n)) = T (ttn-1. g0 * + YA, Ay 150 — Xn—1]1*
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307
which implies that
1yn = Yt = VAT (n, gOn)) = T (-1, g a1}
14+ yip A
< 224 lyn — yn—1ll?
1 - V()‘-Tl)‘DH +)‘-T2)‘-q)
AT AD
n Y21 "Dy 1t — X1
1 — y(}‘Tl)"DH + )\Tg)‘q)

= 03110 — Yu—1 1> + Oallxn — X011

< Osllyn — Y1 1?4 Oallxn — Xn—1lI* + 2630401 yn — Yu—1lll1Xn — Xn—1 ]l
= (VO3 1w = Yuo1 Il + VOallxn — xa—1 12

Thus, we have
1y — Y1 — VAT (n, g(yn)) = T (n—1, g (YN}
< V63llyn — ya—t1ll + vVOallxn — xuill. (3.20)
where
o 1+ )/)\Tz)\q
3 =
1 - V()‘-Tl)‘DH +)‘-T2)‘-q)
and
0 VAT ADy

1= yOnip, +Anhg)
Using (3.18), (3.20), (3.17) becomes

lzpi1 — zpll < (\/1 — 2B +64C85 + 93) Iyn = Ya—tll 4+ v/Oallxy — xn—1ll
= (B"+/85) Iy = vt 1+ V0ullxs = a1 (3.21)

where B” = /1 — 2B + 64C53.
Adding (3.16) and (3.21), we have

Izt = 2l 4+ lizigy — 20l < (B'+ V01 + v/ llxy — x1]
+(B" + V02 + V03)llyn — yu1ll (3.22)
Also from (3.5) and (3.6), we have
Ixn = X1l = X0 — X1 — (f () = £ ra1)) + Ty (@) — Tip ()l
<l = Xnot — (FGa) = FQam) + 14,2 — Tzl
< B'llxn — xn—tll + llz), — 25l

which implies that
1 / /
lxn — xpn—1ll < m”zn — 2,1l (3.23)
and

Ivn = Y1l = 10 = Ya—1 — (€ n) — 8n—1)) + I N (@) — TN (zh_ DI
<y = Yne1 — @) = 8n-DI + 175 z) = TN DI
< B"lyw = yua1ll + 2 — 2
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which implies that

1 " 1
lyn = yn—1ll = Y lzy — zp—1ll (3.24)
using (3.23) and (3.24), (3.22) becomes
B’ + /01 + /04
||Z;/1+1 - Z;” + ||Z;1/+1 - Z;{” = —1-5 ||Z,,1 - Z;l—l I
B"+Vh+6 . ,
+ -5 lzp — 21l
< 0lzy, — 2y Il + Iz, — 211D (3.25)

where

1—-B ’ 1 —B”

By (3.11), we know that 0 < 6 < 1 and so (3.25) implies that {z),} and {z]/} are both
Cauchy sequences. Thus, there exists z’ € Ej and z” € E; suchthatz, — z'andz, — z" as
n — oo. From (3.23) and (3.24), it follows that {x, } and {y,} are also Cauchy sequences in
E| and E», respectively, that is, there exists x € Ej, y € Ep such that x,, — x and y, — y
asn — 00.

Also from (3.7) and (3.8), we have

Q_max[B’Jr\/éTum/éﬂ B”+J93+J(%]

||un+1 - un” = D(H(anrl)a H(xn)) < )\DH ||xn+l - xn“,

A

lvag1 — vall £ DFns1)s Fn)) < Appllynst = yalls

and hence, {u,} and {v,} are also Cauchy sequences, let u,, — u and v, — v, respectively.
Now, we will show that u € H(x) and v € F(y). Infact, since u, € H(x,) and

d(uy, H(x))

IA

max[d(un,H(x)), sup  d(H(xp), wl)}

w1 €H (x)

gmax[ sup d(wz, H(x)), sup d(H(xn),wl)}

wreH (x,) w1 €H (x)

D(H (xn), H(x)),
we have
d(u, H(x)) = lu —upll +d(un, H(x))
< llu —unll + D(H(xp), H(x))
< llu —unll + Apyllxy — x|l = Oasn — oo.

which implies that d(u, H(x)) = 0. Since H(x) € CB(E), it follows that u € H (x). Sim-
ilarly, we can show that v € F(y). By continuity of f, ¢, p,q,H, F,S, T, JA’ZI, J]’\', and
Algorithm 3.1, we have

Z = f(x) = pS(p(x),v) = I (&) = pS(p(x), v) € E;

and

" =g(y) —yT(u, q(») =I5 ") = yT(u,q(») € Ex.
By Proposition (3.1), the required result follows.
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